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1. Introduction
It is well known [1–3] that the convergence rate for the standard displacement method using standard lower order
conforming finite elements deteriorates as the Lamé constant λ → ∞, i.e., when the elastic material is incompressible.
Various methods have been proposed which work uniformly well for all λ, for example the mixed method in [4,5], the
p-version method in [6,7], and the nonconforming method in [8,9].
However some methods work well in the case of displacement boundary conditions, but must be modified for pure
traction or mixed boundary conditions. The main difficulty stems from the proof of appropriate discrete version of Korn’s
second inequality which is used to establish the coercivity of the bilinear form. It has been proved that Korn’s second
inequality fails for the standard Crouziex–Raviart finite element space which cannot be used for the equations of planar
elasticity with pure traction boundary condition. To deal with this difficulty, Falk in [8] introduced a local projection and
modified the variational equations, so that the modified discrete versions of Korn’s second inequality hold for the standard
Crouziex–Raviart finite element space. Meanwhile using mixed methods, Falk obtained optimal-order error estimates for
nonconforming piecewise polynomials of degree ≤3. Brenner and Sung in [3] considered a linear conforming triangular
element by the method of reduced integration. Kouhia and Stenberg in [13] introduced a new triangle element in which
linear conforming element is used for one of the displacement components and linear nonconforming element for the other
component, and obtained optimal-order error estimates. This idea has been extended in [10] to NRQ1 element. In addition,
Korn’s inequalities for piecewise H1 vector fields are established in [11], which can be applied to classical nonconforming
finite element methods, mortar methods and discontinuous Galerkin methods.
I The author was supported by the National Science Foundation of China (No. 10771198).∗ Corresponding author.
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Here we will consider the pure traction planar elasticity. We construct a new locking-free nonconforming triangular
element for which discrete version of Korn’s second inequality is valid, and prove the convergence rate of the finite element
is uniformly optimal with respect to λ. Error estimates in the energy norm and L2-norm are O(h2) and O(h3), respectively.
Wewill use the usual L2-based Sobolev spacesHk. The letterC denotes a generic constant, not necessarily the same in each
occurrence. We denote by Pk(Ω) the space of all polynomials onΩ with degree at most k. Let Ev = (v1, v2)t , τ = (τij)1≤i,j≤2.
We define standard differential operators as follows:
grad v =
(
∂v
∂x
,
∂v
∂y
)t
, div Ev = ∂v1
∂x
+ ∂v2
∂y
, rot Ev = −∂v1
∂y
+ ∂v2
∂x
,
grad Ev =

∂v1
∂x
∂v1
∂y
∂v2
∂x
∂v2
∂y
 , div τ =

∂τ11
∂x
+ ∂τ12
∂y
∂τ21
∂x
+ ∂τ22
∂y
 , ε(Ev) = 12 [grad Ev + (grad Ev)t] .
We also define
δ =
(
1 0
0 1
)
, χ =
(
0 −1
1 0
)
and tr(τ ) = τ : δ,
where
σ : τ =
2∑
i=1
2∑
j=1
σijτij.
The pure traction boundary value problem for planar linear isotropic elasticity is given by{−div σ(Eu) = Ef inΩ,
σ (Eu)Eν = Eg on ∂Ω, (1.1)
where σ(Eu) = 2µε(Eu)+ λtr(ε(Eu))δ is the stress, Eu is the displacement, Ef is the body force, Eg is the boundary traction, Eν is
the unit outer normal, (µ, λ) ∈ [µ1, µ2] × (0,∞) are the Lamé constants, 0 < µ1 < µ2. For simplicity, we only consider
the case whereΩ ⊆ R2 is a bounded convex polygonal domain. We introduce the spaces
Vˆ =
{
Ev ∈ (H1(Ω))2 :
∫
Ω
Evdxdy = E0,
∫
Ω
rot Evdxdy = 0
}
,
RM = {Ev : Ev = (a+ by, c − bx)t , a, b, c ∈ R}.
The problem (1.1) is solvable if and only if Ef and Eg satisfy the following compatibility condition [2,3]∫
Ω
Ef · Evdxdy+
∫
∂Ω
Eg · Evds = 0 ∀Ev ∈ RM. (1.2)
When (1.1) is solvable, there exists a unique solution in Vˆ .
The variational problem for (1.1) is: Find Eu ∈ Vˆ such that
a(Eu, Ev) =
∫
Ω
Ef · Evdxdy+
∫
∂Ω
Eg · Evds ∀Ev ∈ Vˆ , (1.3)
where a(Eu, Ev) = 2µ ∫
Ω
ε(Eu) : ε(Ev)dxdy+ λ ∫
Ω
(div Eu)(div Ev)dxdy.
The following Korn’s second inequality is well known [2]: there exists a positive constant C such that
‖ε(Ev)‖0,Ω ≥ C |Ev|1,Ω ∀Ev ∈ Vˆ . (1.4)
When compatibility condition (1.2) holds, problem (1.3) has a unique solution [2].
2. A locking-free nonconforming triangular element
In this section we present a locking-free triangle finite element with 14 degrees of freedom.
Suppose Th is a quasi-uniform triangulation of the polygonal domainΩ . Let T ∈ Th be a triangle element, Ai(xi, yi) and
ei = Ai+1Ai+2 (i = 1, 2, 3,Mod(3)) are the vertices and sides of T , respectively. (λ1, λ2, λ3) is the barycentric coordinate.
Denote hT = max1≤i≤3 ei, h = maxT∈Th hT . Let reference element Tˆ be a triangle on (ξ , η) plane, the three vertices and sides
of Tˆ are denoted by Aˆ1(0, 0), Aˆ2(1, 0), Aˆ3(0, 1), and eˆi (i = 1, 2, 3), respectively.
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Define finite element (Tˆ , Pˆ, Σˆ) on Tˆ in the following way. The degree of freedom is taken as follows
∑ˆ
=

d(j)i (Eˆv) =
1
|eˆi|
∫
eˆi
vˆjdsˆ
d(j)i+3(Eˆv) =
1
|eˆi|
∫
eˆi
vˆjλˆi+1dsˆ
d(j)7 (Eˆv) =
1
|Tˆ |
∫
Tˆ
div Eˆv · λˆjdξdη j = 1, 2; i = 1, 2, 3.
(2.1)
The shape function space is defined by
Pˆ(Tˆ ) =
{
Eˆv : Eˆv ∈
(
P3(Tˆ )
)2
, div Eˆv ∈ P1(Tˆ ), rot Eˆv ∈ P1(Tˆ )
}
. (2.2)
Next we will show the exclusive solubility of the shape function. Let Eˆv = (vˆ1, vˆ2)t ∈ (P3(Tˆ ))2, then Eˆv can be expressed as
Eˆv = λˆ1
(
α1
β1
)
+ λˆ2
(
α2
β2
)
+ λˆ3
(
α3
β3
)
+ λˆ1λˆ2
(
α4
β4
)
+ λˆ2λˆ3
(
α5
β5
)
+ λˆ3λˆ1
(
α6
β6
)
+
(
λˆ21λˆ2 − λˆ1λˆ22
)(
α7
β7
)
+
(
λˆ22λˆ3 − λˆ2λˆ23
)(
α8
β8
)
+
(
λˆ23λˆ1 − λˆ3λˆ21
)(
α9
β9
)
+ λˆ1λˆ2λˆ3
(
α10
β10
)
,
10∑
i=1
Ni(ξ , η)
(
αi
βi
)
, (2.3)
where αi and βi are undetermined coefficients. By simple calculation, the constraint condition div Eˆv ∈ P1(Tˆ ) can be ex-
pressed as{−6α7 − 3β7 − β8 + β9 + β10 = 0
−α7 + 3α8 + α9 − α10 − β7 − 3β8 + β9 − β10 = 0
−α7 + α8 + 3α9 + α10 + 6β9 = 0.
(2.4)
The constraint condition rot Eˆv ∈ P1(Tˆ ) can be expressed as{3α7 + α8 − α9 − α10 − 6β7 = 0
α7 + 3α8 − α9 + α10 − β7 + 3β8 + β9 − β10 = 0
−6α9 − β7 + β8 + 3β9 + β10 = 0.
(2.5)
Substituting (2.3) into (2.1) and applying (2.4) and (2.5), we obtain the equation set
(d(1)1 , . . . , d
(2)
7 , 0, . . . , 0)
t = G(α1, α2, . . . , β9, β10)t , (2.6)
where G is a 20× 20 matrix. By simple calculations we can get detG 6= 0, so the above finite element is well defined.
Remark 2.1. For degree of freedom (2.1), we can take different shape function space. There are 14 degrees of freedom in
(2.1), but dim (P3(Tˆ ))2 = 20. We need six constraint equations so that the dimension of shape function space is equal to
the number of the degrees of freedom. In the later error estimates, the constraint condition div Eˆv ∈ P1(Tˆ ) is necessary,
which is the key for constructing the locking-free finite element scheme. While the constraint condition rot Eˆv ∈ P1(Tˆ ) is
not necessary, we can choose other constraint condition which ensure the matrix G invertible.
Let G−1 = (gij)20×20, ∀Eˆv = (vˆ1, vˆ2)t ∈ (H1(Tˆ ))2, the operator Πˆ : (H1(Tˆ ))2 → Pˆ(Tˆ ) can be expressed as
Πˆ Eˆv =
7∑
i=1
2∑
j=1
d(j)i (Eˆv)Eˆpk(ξ , η) k = 2× (i− 1)+ j (2.7)
where Eˆpk(ξ , η) is the standard basis function corresponding to the kth degree of freedom,
Eˆpk =
(
pˆ(1)k
pˆ(2)k
)
=

10∑
i=1
gi,kNi(ξ , η)
10∑
i=1
g10+i,kNi(ξ , η)
 k = 1, . . . , 14. (2.8)
Suppose the transformation FT : Tˆ → T is
(x, y)t = B(ξ , η)t + (x1, y1)t (2.9)
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where
B ,
(
b11 b12
b21 b22
)
=
(
x2 − x1 x3 − x1
y2 − y1 y3 − y1
)
.
For any vector Eˆv on Tˆ , by Piola’s transformation, the corresponding vector Ev on T is
Ev = BEˆv = ((b11vˆ1 + b12vˆ2) ◦ F−1T , (b21vˆ1 + b22vˆ2) ◦ F−1T )t . (2.10)
The shape function space on general element T is
P(T ) = {Ev : Ev = BEˆv ◦ F−1T , Eˆv ∈ Pˆ(Tˆ ) is given by(2.7)}.
Then the interpolation operatorΠT is:
ΠT Ev = BΠˆ Eˆv ◦ F−1T =
7∑
i=1
2∑
j=1
d(j)i BEˆpk ◦ F−1T , k = 2× (i− 1)+ j.
Obviously, the finite element is affine equivalent, i.e. Π̂T Ev = Πˆ Eˆv, and furthermore, for any T ∈ Th, 1 ≤ i ≤ 3, 0 ≤ j ≤ 1,
we have
1
|ei|
∫
ei
(ΠT Ev)λji+1ds =
1
|eˆi|
∫
eˆi
B(Πˆ Eˆv)λˆji+1dsˆ =
1
|eˆi|
∫
eˆi
BEˆvλˆji+1dsˆ =
1
|ei|
∫
ei
Evλji+1ds, (2.11)
1
|T |
∫
T
div Ev · pdxdy = 1|T |
∫
T
divΠT Ev · pdxdy, p ∈ {λ1, λ2}. (2.12)
Since Πˆ is exact for the space (P2(T ))2, by the interpolation theorem [2] and the technique of affine transformation, the
following interpolation error estimate holds.
Lemma 2.2. There exists a positive constant C, independent of hT and T , such that
‖Ev −ΠT Ev‖0,T + hT |Ev −ΠT Ev|1,T ≤ Ch3T |Ev|3,T ∀Ev ∈
(
H3(T )
)2
. (2.13)
Define the projection operator γT : L2(T )→ P1(T ) as follows: for givenw ∈ L2(T ), then γTw ∈ P1(T ) and (w−γTw, p) = 0
for any p ∈ P1(T ).
Lemma 2.3. There exists a positive constant C independent of hT and T , such that
divΠT Ev = γTdiv Ev ∀Ev ∈ (H1(T ))2,∀T ∈ Th, (2.14)
‖w − γTw‖L2(T ) ≤ Ch2T |w|2,T ∀w ∈ H2(T ),∀T ∈ Th. (2.15)
Proof. It is easy to check div Ev = div Eˆv ◦ F−1T for any Ev ∈ (H1(T ))2, and consequently divΠT Ev ∈ P1(T ). By the definition
of γT , it is sufficient to prove that for any p ∈ P1(T )∫
T
divΠT Ev · pdxdy =
∫
T
div Ev · pdxdy. (2.16)
By virtue of (2.12), we only have to prove (2.16) for p = 1. LetΠT Ev = (ΠT ,1v1,ΠT ,2v2)t , using Green’s formula and (2.11),
we have∫
T
divΠT Evdxdy =
∫
∂T
(ΠT ,1v1 · ν1 +ΠT ,2v2 · ν2)ds
=
∫
∂T
(v1 · ν1 + v2 · ν2)ds =
∫
T
div Evdxdy.
By the technique of affine transformation, (2.15) can be easily obtained. 
For any Ev ∈ (H1(Ω))2, the global operatorΠh is defined byΠhEv|T = ΠT Ev. For a piecewise function u, we define gradhu
to be the (L2(Ω))2 function whose restriction to each triangle T ∈ Th is given by grad u|T . Analogous definitions hold for
roth and εh.
By Green’s formula and (2.11), we can easily derive the following lemma.
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Lemma 2.4. For any Ev ∈ Vˆ , ∫
Ω
rothΠhEvdxdy = 0.
Define finite element spaces as follows:
Vh = {Evh : Evh|T ∈ P(T )} ,
Vˆh =
{
Evh ∈ Vh :
∫
Ω
rothEvhdxdy = 0,
∫
Ω
Evhdxdy = E0
}
. (2.17)
We deduce from (2.11) that for any edge e ⊂ ∂T and∫
e
[Evh · Eq] ds = 0 for all Evh ∈ Vh, Eq ∈ (P1(e))2, (2.18)
where [v] is the jump of v across the edge e, and [v] = v if e ⊂ ∂Ω . It is the key property in the proof of the Korn’s second
inequality.
3. Error estimate
The discrete bilinear form is defined by
ah(Euh, Evh) = 2µ
∑
T
∫
T
ε(Euh) : ε(Evh)dxdy+ λ
∑
T
∫
T
(div Euh)(div Evh)dxdy.
Then the approximation form to (1.3) is:Find Euh ∈ Vˆh such thatah(Euh, Evh) = ∫
Ω
Ef · Evhdxdy+
∫
∂Ω
Eg · Evhds ∀Evh ∈ Vˆh. (3.1)
The following lemma shows the relationship between Vh and Vˆh.
Lemma 3.1. Vh = Vˆh ⊕ RM.
Proof. Obviously, Vˆh ⊕ RM ⊂ Vh. Conversely, given any Ev ∈ Vh, there exists a unique pair (Ez, Ew) ∈ Vˆh × RM such that Ev =Ez + Ew. In particular, Ew = Ec + b(y,−x)t , where
b = − 1
2|Ω|
∑
T
∫
T
rot Evdxdy, Ec = 1|Ω|
∫
Ω
[Ev − b(y,−x)t] dxdy. 
Lemma 3.2. Define |||Evh|||h = ‖εh(Evh)‖0,Ω , then ||| · |||h is a norm over Vˆh.
Proof. Let Evh be a function in the space Vˆh that satisfies |||Evh|||h = 0. Thus Evh|T = (aT + bTy, cT − bT x)t , where aT , bT , cT
are constants dependent on T . Suppose T+ and T− are adjacent elements with a common edge e, a¯ = aT+ − aT− , b¯ =
bT+ − bT− , c¯ = cT+ − cT− . By virtue of (2.18), we have∫
e
(
a¯+ b¯y, c¯ − b¯x)t · Eqds = 0 ∀Eq ∈ (P1(e))2 .
Take Eq = (a¯+ b¯y, c¯− b¯x)t , then a¯+ b¯y|e = 0 and c¯− b¯x|e = 0. Since the equation of e cannot be a¯+ b¯y = 0 and c¯− b¯x = 0 at
the same time, we conclude a¯ = b¯ = c¯ = 0, which implies that aT , bT , cT are independent of T and Evh ∈ RM . By Lemma 3.1
which implies RM ∩ Vˆh = {E0}, we have Evh = E0. 
Let ‖Ev‖h = ah(Ev, Ev) 12 , thus ‖Ev‖h is also a norm on Vˆh and problem (3.1) has a unique solution.
By virtue of property (2.18), the following discrete Korn’s second inequality is an immediate consequence of the estimate
(1.16) in [11].
Lemma 3.3. For all Eu ∈ Vˆh, there exists a positive constant C independent of h such that
C‖gradhEu‖0,Ω ≤ ‖εh(Eu)‖0,Ω . (3.2)
Theorem 3.4. Suppose Eu ∈ (H3(Ω))2 ∩ Vˆ and Euh are the solutions of problem (1.3) and (3.1), respectively. Then there exists a
positive constant C independent of h such that
‖Eu− Euh‖h ≤ Ch2(|Eu|3,Ω + λ|div Eu|2,Ω). (3.3)
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Proof. Using Strang second lemma [2], we have
‖Eu− Euh‖h ≤ inf
Evh∈Vˆh
‖Eu− Evh‖h + sup
06= Ewh∈Vˆh
|ah(Eu, Ewh)− 〈El, Ewh〉|
‖ Ewh‖h , (3.4)
where 〈El, Ewh〉 =
∫
Ω
Ef · Ewhdxdy+
∫
∂Ω
Eg · Ewhds.
By Lemma 2.2 and (2.18), using Cauchy–Schwarz inequality, we deduce the approximation error as follows:
inf
Evh∈Vˆh
‖Eu− Evh‖h ≤ ‖Eu−ΠhEu+ 1|Ω|
∫
Ω
ΠhEudxdy‖h = ‖Eu−ΠhEu‖h
≤
(
2µC
∑
T
|Eu−ΠT Eu|21,T + λ
∑
T
‖div Eu− γTdiv Eu‖20,T
)1/2
≤ Ch2 (|Eu|3,Ω + λ|div Eu|2,Ω) . (3.5)
Since ε(Eu) : grad Ewh = ε(Eu) : ε( Ewh) and (tr ε(Eu))δ : grad Ewh = (div Eu)(div Ewh), by Green’s formula, the noncon-
forming error can be written as
Eh(Eu, Ewh) = ah(Eu, Ewh)− 〈El, Ewh〉 =
∑
T
∫
T
σ(Eu) : grad Ewhdxdy− 〈El, Ewh〉
=
∑
T
∑
e⊂∂T
e6⊂∂Ω
∫
e
σ(Eu)Eν · Ewhds. (3.6)
Let Pe0(w) = 1|e|
∫
ewds. For the triangular subdivision Th on Ω , suppose Ih(w) is the continuous piecewise linear inter-
polation function defined by the value ofw ∈ H2(Ω) on the element vertices. Using (2.18), we may write
∣∣Eh(Eu, Ewh)∣∣ =
∣∣∣∣∣∣∣
∑
T
∑
e⊂∂T
e6⊂∂Ω
∫
e
[σ(Eu)− Ih(σ (Eu))]Eν · [ Ewh − Pe0( Ewh)]ds
∣∣∣∣∣∣∣
≤
∑
T
∑
e⊂∂T
e6⊂∂Ω
‖σ(Eu)− Ih(σ (Eu))‖0,∂T‖ Ewh − Pe0( Ewh)‖o,∂T . (3.7)
It follows from trace theorem, interpolation theorem [2] and Lemma 3.3 that
|Eh(Eu, Ewh)| ≤ Ch2|σ(Eu)|2,Ω‖ Ewh‖1,h
≤ Ch2(|Eu|3,Ω + λ|div Eu|2,Ω)‖ Ewh‖h. (3.8)
The theorem now follows by combing (3.4), (3.5) and (3.8). 
Next, we present the L2 norm error estimate by a duality argument.
Lemma 3.5. Let Eu ∈ (H3(T ))2, Ev ∈ (H1(T ))2, T ∈ Th, e ⊂ ∂T , then there exists a positive constant C independent of T such
that ∣∣∣∣∫
e
Ev · (Eu−ΠT Eu)ds
∣∣∣∣ ≤ Ch3T |Ev|1,T |Eu|3,T , (3.9)∣∣∣∣∫
e
Ev · (Eu−ΠT Eu)ds
∣∣∣∣ ≤ Ch3T |Ev|2,T |Eu|2,T . (3.10)
Proof. Let eˆ ⊂ ∂ Tˆ , e = FT (eˆ) and B be the transformation matrix from Tˆ to T . Define
b(Eˆv, Eˆu) =
∫
eˆ
BEˆv · B(Eˆu− Πˆ Eˆu)dsˆ. (3.11)
By trace theorem and interpolation theorem, we have
|b(Eˆv, Eˆu)| ≤ C‖B‖2‖Eˆv‖1,Tˆ‖Eˆu− Πˆ Eˆu‖1,Tˆ ≤ C‖B‖2‖Eˆv‖1,Tˆ‖Eˆu‖2,Tˆ ,
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i.e., b(·, ·) is a bounded bilinear form on (H1(Tˆ ))2 × (H3(Tˆ ))2, and ‖b‖ ≤ C‖B‖2. By the definition of the interpolation
operator Πˆ ,
b(Eˆp, Eˆu) = 0 for all Eˆp ∈ (P1(Tˆ ))2, Eˆu ∈ (H3(Tˆ ))2.
Since Πˆ is exact for the space (P2(
EˆT ))2, we have
b(Eˆv, Eˆq) = 0 for all Eˆv ∈ (H1(Tˆ ))2, Eˆq ∈ (P2(EˆT ))2.
We deduce from the bilinear lemma [12] that
|b(Eˆv, Eˆu)| ≤ C‖b‖ |Eˆv|1,Tˆ |Eˆu|3,Tˆ ≤ C‖B‖2|Eˆv|1,Tˆ |Eˆu|3,Tˆ , (3.12)
|b(Eˆv, Eˆu)| ≤ C‖b‖ |Eˆv|2,Tˆ |Eˆu|2,Tˆ ≤ C‖B‖2|Eˆv|2,Tˆ |Eˆu|2,Tˆ . (3.13)
By the technique of affine transformation and regularity of triangulation, we have∣∣∣∣∫
e
Ev · (Eu−ΠT Eu)ds
∣∣∣∣ = |e||eˆ| |b(Eˆv, Eˆu)| ≤ ChT‖B‖2|Eˆv|1,Tˆ |Eˆu|3,Tˆ ≤ Ch3T |Ev|1,T |Eu|3,T .
Inequality (3.10) can be likewise established from (3.13). 
Lemma 3.6. Suppose Eu ∈ (H2(Ω))2 ∩ Vˆ is the solution to problem (1.3), Euh is the solution to approximation problem (3.1). Then
we have the regularity estimate [3]:
‖Eu‖2,Ω + λ‖div Eu‖1,Ω ≤ C . (3.14)
Furthermore, by similar arguments that led to Theorem 3.4, there exists a positive constant C independent of h and λ such that
‖Eu− Euh‖h ≤ Ch,
‖Eu−ΠhEu‖h ≤ Ch. (3.15)
Theorem 3.7. Suppose Eu ∈ (H3(Ω))2 ∩ Vˆ is the solution to problem (1.3), Euh is the solution to approximation problem (3.1).
Then
‖Eu− Euh‖0,Ω ≤ Ch3(|Eu|3,Ω + λ|div Eu|2,Ω), (3.16)
where C is a positive constant independent of h and λ.
Proof. From the definition of norm, we have
‖Eu− Euh‖0,Ω = sup
06= Ew∈(L2(Ω))2
∣∣∫
Ω
(Eu− Euh) · Ewdxdy
∣∣
‖ Ew‖0,Ω . (3.17)
For given Ew ∈ (L2(Ω))2, let Eζ ∈ (H2(Ω))2⋂ Vˆ be the solution of the following equation{−div σ(Eζ ) = Ew inΩ,
σ (Eζ )Eν = E0 on ∂Ω. (3.18)
Then Eζ satisfies the variational equation
a(Eζ , Ev) =
∫
Ω
Ew · Evdxdy ∀Ev ∈ Vˆ . (3.19)
Suppose Eζh ∈ EVh is the solution to the following discrete equation
ah(Eζh, Ev) =
∫
Ω
Ew · Evdx ∀Ev ∈ Vˆh. (3.20)
Applying Lemma 3.6, there exists a positive constant C independent of h such that
‖Eζ‖2,Ω + λ‖div Eζ‖1,Ω ≤ C‖ Ew‖0,Ω , (3.21)
‖Eζ − Eζh‖h ≤ Ch‖ Ew‖0,Ω , ‖Eζ −ΠhEζ‖h ≤ Ch‖ Ew‖0,Ω . (3.22)
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By virtue of Eqs. (3.19) and (3.20), we conclude that∣∣∣∣∫
Ω
(Eu− Euh) · Ewdxdy
∣∣∣∣ = ∣∣∣ah(Eζ , Eu)− ah(Eζh, Euh)∣∣∣
= |ah(Eζ − Eζh, Eu−ΠhEu)+ ah(Eζ − Eζh,ΠhEu)+ ah(Eζh −ΠhEζ , Eu− Euh)+ ah(ΠhEζ , Eu− Euh)|
≤ ‖Eζ − Eζh‖h‖Eu−ΠhEu‖h + ‖Eζh −ΠhEζ‖h‖Eu− Euh‖h
+ |ah(Eζ − Eζh,ΠhEu)| + |ah(ΠhEζ , Eu− Euh)|. (3.23)
It follows from (3.5) and (3.22) that
‖Eζ − Eζh‖h‖Eu−ΠhEu‖h ≤ Ch3
(|Eu|3,Ω + λ|div Eu|2,Ω) ‖ Ew‖0,Ω , (3.24)
‖Eζh −ΠhEζ‖h‖Eu− Euh‖h ≤ Ch3
(|Eu|3,Ω + λ|div Eu|2,Ω) ‖ Ew‖0,Ω . (3.25)
From Lemmas 3.5 and 3.6, using Green’s formula, we eventually obtain
∣∣∣ah (Eζ − Eζh,ΠhEu)∣∣∣ =
∣∣∣∣∣∣∣
∑
T∈Th
∑
e⊂∂T
e6⊂∂Ω
∫
e
σ(Eζ )Eν ·ΠhEuds
∣∣∣∣∣∣∣
≤ 2µ
∣∣∣∣∣∣∣
∑
T∈Th
∑
e⊂∂T
e6⊂∂Ω
∫
e
ε(Eζ )Eν · (ΠhEu− Eu)ds
∣∣∣∣∣∣∣+ λ
∣∣∣∣∣∣∣
∑
T∈Th
∑
e⊂∂T
e6⊂∂Ω
∫
e
div Eζ δEν · (ΠhEu− Eu) ds
∣∣∣∣∣∣∣
≤ C
∑
T∈Th
h3‖ε(Eζ )‖1,T |Eu|3,T + Cλ
∑
T∈Th
h3‖div Eζ‖1,T |Eu|3,T
≤ Ch3|Eu|3,Ω(‖Eζ‖2,Ω + λ‖div Eζ‖1,Ω) ≤ Ch3|Eu|3,Ω‖ Ew‖0,Ω . (3.26)
Similarly,∣∣∣ah(ΠhEζ , Eu− Euh)∣∣∣ = ∣∣∣∣ah(ΠhEζ , Eu)− ∫
Ω
Ef ·ΠhEζdxdy−
∫
∂Ω
Eg ·ΠhEζds
∣∣∣∣
= 2µ
∣∣∣∣∣∣∣
∑
T∈Th
∑
e⊂∂T
e6⊂∂Ω
∫
e
ε(Eu)Eν · (ΠhEζ − Eζ )ds
∣∣∣∣∣∣∣+ λ
∣∣∣∣∣∣∣
∑
T∈Th
∑
e⊂∂T
e6⊂∂Ω
∫
e
div EuδEν · (ΠhEζ − Eζ )ds
∣∣∣∣∣∣∣
≤ C
∑
T∈Th
h3T |ε(Eu)|2,T |Eζ |2,T + Cλ
∑
T∈Th
h3T |div Eu|1,T |Eζ |2,T
≤ Ch3(|Eu|3,Ω + λ|div Eu|2,Ω)‖ Ew‖0,Ω . (3.27)
The theorem is proved by substituting (3.23)–(3.27) into (3.17). 
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